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We investigate the effective permittivity �e and permeability �e for photonic crystals with large dielectric
contrast by use of the effective-medium model. In the quasistatic regime, the effective parameters are charac-
terized by the anomalous dispersion near the resonances. For TM polarization, the region of negative �e

spreads over a wide range of frequency and there exists a frequency interval where �e and �e are simulta-
neously negative. For TE polarization, the resonance widths are much smaller and the region of doubly
negative parameters is not present. The underlying mechanisms are illustrated with the field patterns associated
with the leading and high-order resonances. The effective parameters are also examined by the band structures
of the photonic crystal with regard to photonic band gaps and special propagating branches. In the static
regime, �e and �e are simplified to the Maxwell-Garnett mixing rule and the resonance feature becomes
insignificant.
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I. INTRODUCTION

The effective permittivity and permeability are two of the
most basic quantities of a composite medium. They are es-
pecially important in the study of metamaterials,1,2 which
possess properties not available in naturally occurring mate-
rials such as negative permeability1 and negative index of
refraction.3 These counterintuitive properties come from the
interaction of electromagnetic waves with the structure rather
than directly from the material composition. In particular, the
dielectric photonic structure may exhibit a strong magnetic
activity4 and gives rise to optical properties far from the
volume average of the constituent material parameters. This
feature is attributed to resonances inside the structure and the
fields outweigh the material in characterizing the effective
parameters.

To treat a composite structure as in effect a homogeneous
medium, the microstructures that compose the medium have
to be much smaller than the wavelength �. The effective
parameters are therefore quasistatic in nature. In order to
determine the effective optical properties of a composite me-
dium, various approaches have been proposed.5–10 For a pe-
riodic microstructure with the lattice period a, the ratio a /�
has to be small for the effective parameters to be valid. The
experimental and numerical results show that the negative
refraction occurs at a /��1 /6 or 1/5,3,11 which is indeed not
a very small value. A theoretical analysis also confirms the
existence of a lower bound of a /�, above which the negative
refraction would occur.12 Therefore, a suitable effective-
medium theory for metamaterials should be able to charac-
terize the effective parameters up to a certain frequency
range where the retardation effect and resonance feature are
taken into account.13–17

A heuristic approach to the problem of effective param-
eters is to require that the forward scattering of a unit cell of
the microstructure, when it is immersed inside the effectively
homogeneous background, be zero.18–23 The respective unit
cell is therefore not distinguishable from the surrounding ef-
fective medium from the scattering point of view. This ap-

proach proves to be useful in obtaining the effective dielec-
tric constant of a composite inhomogeneous medium in the
static regime. Similar ideas were further employed for devel-
oping approaches to the effective parameters beyond the
static regime.24–26

In this study, we investigate the effective parameters for
photonic crystals made of circular dielectric cylinders. The
dielectric contrast is chosen to be large so that a strong mag-
netic activity may arise.4,9,27,28 There are some examples of
materials with high permittivity. For instance, the dielectric
constant of silicon carbide can be 200 at the midinfrared
frequency.27 The ferroelectric ceramic even has the dielectric
constant as large as 600 at the microwave frequency.28 The
magnetic activity is attributable to resonance, which is a con-
dition when the fields are enhanced and tend to attain their
maximum values. This feature is known as Mie resonance
associated with individual dielectric cylinders.29 In this situ-
ation, the cylinder behaves like a dielectric resonator.30 If the
dielectric contrast between the cylinder and surrounding ma-
terial is sufficiently large, the resonant modes in dielectric
resonators possess similar features of those in metal
waveguides.31 In this situation, the resonances associated
with the dielectric structure occur at relatively low frequen-
cies �small a /�� and the effective parameters are therefore
applicable. The effective-medium model based on the field
averaging over an equivalent unit cell is used to characterize
the effective permittivity �e and permeability �e. In the qua-
sistatic regime, the effective parameters exhibit the Lorentz-
type anomalous dispersion and give rise to negative values
near the resonances. For TM polarization, the electric reso-
nance is the leading-order response and the region of nega-
tive �e spreads over a wide range of frequency. The magnetic
resonance, on the other hand, is a high-order response with a
smaller resonance width. In particular, there exists a fre-
quency interval where �e and �e are simultaneously negative.
For TE polarization, the role of electric and magnetic reso-
nances are mutually exchanged and the resonance widths be-
come smaller. The frequency interval of both negative �e and
�e is not present.
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The mechanisms of anomalous dispersion for effective
parameters are illustrated with the dipole-field patterns at the
resonant frequencies. Validity of the effective parameters is
further examined by the band structures of the photonic crys-
tal. The regions where either �e or �e is negative coincide
with the photonic band gaps. In the interval where both �e
and �e are negative, there exist two propagating branches
with special features. In the static regime, the effective pa-
rameters are simplified to the well-known Maxwell-Garnett
mixing rule and the resonance feature becomes insignificant.

II. EFFECTIVE-MEDIUM MODEL

A. Effective parameters for TM polarization

Consider a square lattice of dielectric circular cylinders
�of radius r� with permittivity �1 and permeability �1, em-
bedded in the background material with � and �. For sim-
plicity, the unit cell �with lattice period a� is approximated by
a circular disk having the same area ��R2=a2�. Schematics
of the photonic crystal and the equivalent unit cell are plotted
in Fig. 1. Let the cylinder axis coincide with the z axis. For
TM polarization, where the electric field is oriented along the
cylinder axis, the homogenization description of the effective
permittivity �e and permeability �e in terms of average fields
is given by

�e =
�Dz�

�0�Ez�
, �e =

�Bx,y�
�0�Hx,y�

, �1�

where � · � denotes the area averaging �taken over the unit
cell� for Dz or Bx,y and the line averaging �evaluated at the
unit-cell boundary� for Ez or Hx,y.

1,10 It is assumed that the
integration of fields taken on the square unit cell is close to
that on the equivalent circular disk. Near the resonance, the
electromagnetic fields tend to localize around the cylinders
with high permittivity. In this regard, the field distribution
within the equivalent unit cell �0���R� will be close to
that for an isolated cylinder. The same approximation has
also been used in developing the effective-medium theory
and yielding satisfactory results for circular cylinders and
spheres.24,25

In terms of the cylindrical coordinates �� ,�� with the ori-
gin at the cylinder center, the electric fields are expanded as

Ez = �
n

Ez
�n�

and Ez
�n�=anJn�k1��ein� for 0���r and Ez

�n�= �bnJn�k��
+cnHn�k���ein� for r���R, where Jn and Hn are the
nth-order Bessel and Hankel functions of the first kind, re-
spectively, k1=	�1�1k0, k=	��k0, and k0 is the wavenumber
in free space. In the present problem, the Bessel and Hankel
functions are elementary solutions to the wave equation in
cylindrical coordinates.32 The Hankel function, however, is
singular �the value being infinity� at the cylinder center ��
=0� and therefore has been excluded from the solution inside
the cylinder. The solution outside the cylinder, on the other
hand, contains both the Bessel and Hankel functions, which
represent the stationary and traveling waves, respectively.
The former comes from the incidence and the latter from the
scattering by the cylinder. To ensure that the scattered wave
is only outgoing at infinity, the radiation condition has to be
satisfied. For example, the Sommerfeld radiation condition33

for a scalar field � �in two dimensions�,

lim
�→�

	�� �
�� − ik�� = 0,

is fulfilled by the Hankel function. Note that Hn�x�

	 2

�xei�x−n�/2−�/4� as x→�.32 The corresponding magnetic
fields are obtained by Faraday’s law, �H� ,H��= i

	�

�− 1
�

�Ez

�� ,
�Ez

�� �. Continuity of the tangential electric and mag-
netic fields �Ez and H�� at the cylinder surface ��=r� gives
rise to

bn

an
=

��r

2i
� k

�
Jn�k1r�Hn��kr� −

k1

�1
Jn��k1r�Hn�kr�� , �2�

cn

an
=

��r

2i
� k1

�1
Jn��k1r�Jn�kr� −

k

�
Jn�k1r�Jn��kr�� , �3�

where the prime denotes the derivative with respect to the
argument.

For TM polarization, the leading-order �n=0� electric
fields dominate the electric response. Therefore, �Dz�
=2��0��10

rEz
�0��d�+�r

REz
�0��d�� /�R2 and �Ez�=Ez

�0� ��=R are
used in Eq. �1�. Using xJ0�x�dx=−xJ0��x�, we have

�Dz� = −
2�0

R2 �a0�1

k1
rJ0��k1r� +

b0�

k
�RJ0��kR� − rJ0��kr��

+
c0�

k
�RH0��kR� − rH0��kr��� , �4�

�Ez� = b0J0�kR� + c0H0�kR� . �5�

In the quasistatic regime �a /�
1�, where the wavelength
outside the cylinders is much larger than the lattice period,
we have kr
1 and kR
1. Using J0�x��1, J0��x��− x

2 ,
H0�x�� 2i

� ln�x�, and H0��x�� 2i
�x as x→0 in Eqs. �2�–�5�, we

can obtain b0�a0J0�k1r���+�r�̃1� /�, c0�a0J0�k1r�
��− �̃1��k2r2 /4i�, and

�Dz� � �0a0J0�k1r��f �̃1 + �1 − f��� + �r�̃1�� , �6�

R

r

a

1 1,ε µ

,ε µ

,e eε µa

(a) (b)

FIG. 1. �Color online� Schematics of �a� the photonic crystal
made of circular cylinders and �b� the equivalent unit cell used in
the effective-medium model.
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�Ez� � a0J0�k1r���1 + f�R�� + ��r − f�R��̃1�/� , �7�

where f = �r /R�2 is the fraction of cylinders, �̃1=�1��k1r�,
�r=��kr�, and �R=��kR� with

��x� = −
2J0��x�
xJ0�x�

, ��x� =
x2

2
ln�x� , �8�

where x stands for k1r in ��x� and for kr or kR in ��x�. Using
Eqs. �6� and �7� in Eq. �1�, the effective permittivity is given
as

�e � �
�1 − f�� + �f + �1 − f��r��̃1

�1 + f�R�� + ��r − f�R��̃1

. �9�

In Eq. �8�, ��x� is an oscillatory function associated with the
circular geometry. Note from Eq. �9� that �e diverges as
�1+ f�R��+ ��r− f�R���1�0 and becomes zero as �1− f��
+ �f + �1− f��r���1�0. As a result, there exists a region
where �e is negative. In the static regime �a /��0�, where
the wavelength inside the cylinders is also much larger than
the lattice period, we have further k1r
1. It follows that
��k1r��1, �̃1��1, �r�̃1�0, and �R�̃1�0. Equation �9� is
then simplified to the well-known Maxwell-Garnett mixing
rule34

�e = �1 − f�� + f�1. �10�

In this situation, the effective permittivity is independent of
the frequency and the resonance feature becomes insignifi-
cant. On the other hand, the first-order �n=1� magnetic fields
are responsible for the magnetic response. Therefore, �Bx�
=�0��10

2�0
rHx

�1��d�d�+�0
2�r

RHx
�1��d�d�� /�R2 and

�Hx�=Hx
�1� ��=R,�=�/2 are used in Eq. �1�, where

Hx
�1� = H�

�1� cos � − H�
�1� sin �

Using �J1�x�+xJ1��x��dx=xJ1�x�, we have

�Bx� =
�0

	R2 �a1rJ1�k1r� + b1�RJ1�kR� − rJ1�kr��

+ c1�RH1�kR� − rH1�kr��� , �11�

�Hx� =
k

	�
�b1J1��k�� + c1H1��k��� . �12�

In the quasistatic regime, where kr
1 and kR
1, we use
J1�x�� x

2 , J1��x�� 1
2 , H1�x��− 2i

�x , and H1��x�� 2i
�x2 as x→0 in

Eqs. �2�, �3�, �11�, and �12� to give b1�a1J1��k1r�
��+ �̃1�k1 /k�1, c1�a1J1��k1r���− �̃1��r2k1k /4i�1, and

�Bx� �
�0k1

2	�1
a1J1��k1r���1 − f�� + �1 + f��̃1� , �13�

�Hx� �
k1

2	�1
a1J1��k1r���1 + f�� + �1 − f��̃1�/� , �14�

where �̃1=�1��k1r� with

��x� =
J1�x�
xJ1��x�

, �15�

where x stands for k1r. Using Eqs. �13� and �14� in Eq. �1�,
the effective permeability is given as

�e � �
�1 − f�� + �1 + f��̃1

�1 + f�� + �1 − f��̃1

. �16�

In Eq. �15�, ��x� is another oscillatory function associated
with the circular geometry. Note from Eq. �16� that �e di-
verges as ��−� 1+f

1−f �
�
�1

and becomes zero as ��−� 1−f
1+f �

�
�1

.
For a small fraction f , the region of negative �e will be small
as well. In the static regime, where k1r
1, we have ��k1r�
�1 and �̃1��1. Equation �16� is then simplified to the well-
known Maxwell-Garnett mixing rule34

�e � �
�1 − f�� + �1 + f��1

�1 + f�� + �1 − f��1
. �17�

A similar procedure of using �By� and �Hy� in Eq. �1� leads to
the same expressions of Eqs. �16� and �17�. For illustration,
the variations in oscillatory functions ��k1r� �in Eq. �8�� and
��k1r� �in Eq. �15�� with the frequency a /�=ka /2� are plot-
ted in Fig. 2, where r /a=0.25, �1=200+3i, �1=1, �=1, and
�=1. Here, �1 is much larger than � and therefore k1r
=	�1�1kr is not negligible even when kr is small �in the
quasistatic regime�. The parameter �1=200+3i is chosen to
be within a feasible range, the imaginary part being kept at a
small number to account for a low loss in the dielectric ma-
terial. A likewise dielectric parameter has been used in the
study of mesoscopic magnetism in the dielectric
metamaterial.35 In the limit as a /� goes to zero, both � and
� approach unity �which can be seen from the asymptotic
relations of Bessel functions�. This condition is known as the
static regime. As a /� approaches the resonance, where � or
� has a pole �the denominator being zero�, the function
grows rapidly to a very large positive value and then drops
quickly to a very negative one. As a /� increases further, � or
� returns to positive values after passing a zero �where the
numerator vanishes�. Therefore, there may exist a region
where the effective parameter is negative.
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FIG. 2. �Color online� Variations in the oscillatory functions
��k1r� and ��k1r� with the frequency a /�, where r /a=0.25, �1

=200+3i, �1=1, �=1, and �=1.
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The range of validity of the approximation in the present
problem is the region where the resonance dominates the
dispersion characteristics. This range corresponds to the fre-
quency band gap and the validity will be confirmed by the
band-structure calculation in Sec. III C. Beyond the major
resonances, the effective-medium description gradually loses
its validity. On the one hand, a larger a /� indicates that the
medium can no longer be considered homogeneous. On the
other hand, the presence of high-order modes renders the
effective parameters invalid.36,37

B. Effective parameters for TE polarization

For TE polarization, where the magnetic field is oriented
along the cylinder axis, the homogenization description of
the effective parameters is given as

�e =
�Bz�

�0�Hz�
, �e =

�Dx,y�
�0�Ex,y�

. �18�

In this polarization, the leading-order �n=0� magnetic fields
dominate the magnetic response and the first-order �n=1�
electric fields are responsible for the electric response. The
effective parameters can be determined in a similar manner
as that for TM polarization. In the quasistatic regime, where
kr
1 and kR
1, we have

�e � �
�1 − f�� + �f + �1 − f��r��̃1

�1 + f�R�� + ��r − f�R��̃1

,

�e � �
�1 − f�� + �1 + f��̃1

�1 + f�� + �1 − f��̃1

, �19�

where �̃1=�1��k1r� and �̃1=�1��k1r�. Here, ��x� is respon-
sible for the leading-order magnetic resonance. Note from
Eq. �19� that �e diverges as �1+ f�R��+ ��r− f�R���1�0.
For nonmagnetic materials ��1=�=1�, this condition occurs
when � goes to infinity �since �r− f�R�0� or, equivalently,
J0�k1r��0 �cf. Eq. �8��. The latter is identified as the condi-
tion of TM01 mode for circular waveguides.31 Meanwhile, �e
becomes zero as �1− f��+ �f + �1− f��r���1�0 and there ex-
ists a region for �e�0. On the other hand, ��x� is respon-

sible for the high-order electric resonance. Note also from
Eq. �19� that �e diverges as ��−� 1+f

1−f �
�

�1
and becomes zero as

��−� 1−f
1+f �

�

�1
. As �1�� in the present configuration, the re-

gion of negative �e is close to the frequency for ��0 and the
resonance width will be small. In the static regime, where
k1r
1, Eq. �19� is simplified to the Maxwell-Garnett mixing
rule34

�e � �1 − f�� + f�1, �e � �
�1 − f�� + �1 + f��1

�1 + f�� + �1 − f��1
,

�20�

It is noted that �e��e� for TM polarization has exactly the
same expression of �e��e� for TE polarization. This is a con-
sequence of symmetry in source-free Maxwell’s equations
with respect to electric and magnetic properties.

III. RESULTS AND DISCUSSION

A. Effective permittivity and permeability

Figure 3�a� shows the calculated results of the effective
permittivity �e=�e�+ i�e� and permeability �e=�e�+ i�e� based
on Eqs. �9� and �16� for the photonic crystal of dielectric
circular cylinders with r /a=0.25�f �0.196�, �1=200+3i,
and �1=1 embedded in the background with �=1 and �=1
for TM polarization. The effective parameters exhibit the
Lorentz-type anomalous dispersion in the vicinities of the
leading and high-order resonances, where �e� and �e� rise
abruptly and drop sharply at a /��0.061 and 0.102, respec-
tively. Meanwhile, �e� and �e� attain their maximums at the
corresponding resonant frequencies. In particular, the
leading-order electric resonance spreads over a rather wide
range of frequency; the region for �e��0 is located at
0.061�a /��0.17. The magnetic resonance, on the other
hand, has a smaller resonance width and the region for �e�
�0�0.102�a /��0.116� is completely within the region for
�e��0. Therefore, there exists a frequency interval where �e�
and �e� are simultaneously negative. This feature has also
been demonstrated in recent experiments.27,28 An additional
electric resonance occurs at a higher frequency a /��0.185
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FIG. 3. �Color online� Effective permittivity �e=�e�+ i�e� and permeability �e=�e�+ i�e� for the photonic crystal of dielectric circular
cylinders with r /a=0.25, �1=200+3i, and �1=1 embedded in the background with �=1 and �=1 for �a� TM polarization and �b� TE
polarization. The shaded areas correspond to the regions for �e��0 or �e��0.
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but with a smaller resonance width. In the static regime
�a /��0�, �e��40, and �e��1, which are consistent with the
Maxwell-Garnett mixing rule �cf. Eqs. �10� and �17��.

Figure 3�b� shows the effective parameters for TE polar-
ization based on Eq. �19� for the same photonic crystal. The
leading-order magnetic resonance occurs at a /��0.108,
which is nearly identical to the cutoff frequency of TM01
mode for circular waveguides,31

	c01
= x01c/r	�1�1 � 0.108�2�c/a� ,

where x01�2.405 is the first root of J0�x�=0. The region for
�e��0 is located at 0.108�a /��0.115, which is substan-
tially smaller than the region of leading-order resonance for
TM polarization �cf. Fig. 3�a��. On the other hand, the high-
order electric resonance occurs at a /��0.171, with a much
smaller resonance width. In the presence of �1�, the region for
�e��0 does not even exist, although the anomalous disper-
sion feature is still present. In the static regime �a /��0�,
�e��1.483, and �

e��1, which are consistent with the
Maxwell-Garnett mixing rule �cf. Eq. �20��.

B. Illustrations of the leading and high-order resonances

The origin of anomalous dispersion for effective param-
eters is attributable to resonances associated with the dielec-
tric structure. Figures 4 and 5 illustrate the features of reso-
nances in terms of field patterns. For TM polarization, the
leading-order electric resonance is manifest on the field con-
tours of Ez

�0�, as shown in Figs. 4�a� and 4�b�. Near the reso-
nance, the electric fields tend to concentrate in the dielectric
region and give rise to electric dipoles along the cylinder
axis. In particular, Fig. 4�a� corresponds to �e�� � at a /�
�0.061, where the electric field vanishes at the unit-cell
boundary �Ez

�0� ��=R�0�, and Fig. 4�b� corresponds to �e��0
at a /��0.17, where the integral of electric displacements
over the unit cell is nearly zero �Dz

�0�da�0�. The above two
features are consistent with the homogenization description
of the effective permittivity in Eq. �1�. The region for �e�
�0 is located between two extremes: �Ez��0 �where �e�
� �� and �Dz��0 �where �e��0�. The former indicates
that an infinitesimal electric field is able to produce a non-
zero electric response and �e� is therefore very large while the
latter means a nearly null electric response and �e� is approxi-
mately zero. In another aspect, the obvious distinction be-

-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1

(b)(a) (c) (d)

FIG. 4. �Color online� Field contours of Ez
�0� at �a� a /�=0.061 and �b� 0.17, and field vectors of �Hx

�1� ,Hy
�1�� at �c� a /�=0.102 and �d�

0.116 for the photonic crystal in Fig. 3 for TM polarization. The fields are normalized to have unity maximum magnitude. Red �dark gray�
and green �light gray� colors correspond to positive and negative field values, respectively. In �c� and �d�, the color represents the value of
Hx

�1�.
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FIG. 5. �Color online� Field contours of Hz
�0� at �a� a /�=0.108 and �b� 0.115, and field vectors of �Ex

�1� ,Ey
�1�� at �c� a /�=0.171 and �d�

0.172 for the photonic crystal in Fig. 3 for TE polarization. The fields are normalized to have unity maximum magnitude. Red �dark gray�
and green �dark gray� colors correspond to positive and negative field values, respectively. In �c� and �d�, the color represents the value of
Ex

�1�.
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tween Figs. 4�a� and 4�b� shows that their resonant frequen-
cies are far different and the region for �e��0 is large
�cf. Fig. 3�a��.

On the other hand, the high-order magnetic resonance is
manifest on the field vectors of �Hx

�1� ,Hy
�1��, as shown in Figs.

4�c� and 4�d� for �e�� � at a /��0.102 and �e��0 at
a /��0.116, respectively. Near the resonances, the fields are
also concentrated in the dielectric cylinder and the vector
distributions depict the magnetic dipoles oriented in the hori-
zontal direction �perpendicular to the direction of electric
dipoles�. The distinction between Figs. 4�c� and 4�d� is not as
significant as that for the electric resonance �cf. Figs. 4�a�
and 4�b�� and the region for �e��0 is smaller.

For TE polarization, the leading-order magnetic resonance
is manifest on the field contours of Hz

�0�, as shown in Figs.
5�a� and 5�b�. Compared with the electric fields for TM po-
larization �cf. Figs. 4�a� and 4�b��, the magnetic fields at
resonances are much more localized inside the dielectric cyl-
inder, outside which the field intensities are substantially re-
duced or even become zero. Figure 5�a� corresponds to �e�
� � at a /��0.108, where �Hz��0 �Hz

�0� vanishes at the
unit-cell boundary�, and Fig. 5�b� corresponds to �e��0 at
a /��0.115, where �Bz��0 �the integral of Bz

�0� over the unit
cell is zero�. Likewise, the above two features are consistent
with the homogenization description of the effective perme-
ability in Eq. �1�. Note that the field patterns in Figs. 5�a� and
5�b� are alike and the region for �e��0 is small �cf. Fig.
3�b��. In fact, the field pattern inside the dielectric cylinder
resembles TM01 mode for circular waveguides,31

J0�x01� /r��x01�2.405�. In another aspect, the high-order
electric resonance is manifest on the field vectors of
�Ex

�1� ,Ey
�1��, as shown in Figs. 5�c� and 5�d�, where �e� expe-

riences a rapid change in the immediate neighborhood of
resonance. The field patterns depict the electric dipoles ori-
ented in the horizontal direction, which are similar to those
in Figs. 4�c� and 4�d�, except that the vector orientations are
reversed.

To examine the localization feature of resonant-field pat-
terns, the sectional profiles of Figs. 4�a�, 4�b�, 5�a�, and 5�b�
are plotted in Fig. 6. For illustration of the interaction of
fields between the cylinders, the field profiles that cover two
adjacent cylinders are overlaid in each plot. An estimate of
the interaction is given by the overlap area ratio: RA
�Aoverlap /Aprofile, where Aoverlap is the area of overlap region
between two adjacent field profiles, each of which has a sec-
tional area Aprofile. For TM polarization in Figs. 6�a� and 6�b�,
the fields are largely confined in the unit cell. The corre-

sponding overlap area ratio is less than 0.5%. For TE polar-
ization in Figs. 6�c� and 6�d�, the fields are even localized
within the dielectric cylinder and the overlap area ratio is
nearly zero.

C. Connection with the band structures

Anomalous dispersion of the effective parameters and the
associated resonance features are further examined by the
band structures of the photonic crystal. Near the resonances,
the fields are localized around individual dielectric cylinders
with rather weak interactions between neighboring cells. The
propagation of waves inside the structure is therefore hin-
dered. This feature is closely related to the photonic band
gaps of the band structures. In the band-gap regions, the
resultant wave vectors become purely imaginary and no fre-
quency branches are allowed.38 This corresponds to the situ-
ation where either �e��0 or �e��0. In Fig. 7, the band struc-
tures of the corresponding photonic crystal are calculated by
the inverse iteration method.39,40

Figure 7 shows the band structures for the photonic crys-
tal of dielectric circular cylinders with r /a=0.25, �1=200
+3i, and �1=1 embedded in the background with �=1 and
�=1. The inclusion of imaginary part in the dielectric con-
stant gives rise to complex-frequency branches. The real fre-
quency component has the same meaning as in a lossless
system while the imaginary frequency component indicates a
decay factor in time and is accountable for the effect of loss.
If the imaginary part of the dielectric constant is relatively
small, as in the case of present study, the decay factors are
also small and the real frequency branches exhibit only a
slight discrepancy from those in a lossless system. This fea-
ture has been studied for a plasmonic structure which takes
into account the effect of damping.41

For TM polarization shown in Fig. 7�a�, the electric reso-
nance is the leading-order response and gives rise to large
photonic band gaps. The first and second gaps �0.062
�a /��0.1 and 0.117�a /��0.169� basically coincide
with the regions where �e��0 and �e��0 �cf. Fig. 3�a��. In
the region between the two gaps, where �e� and �e� are simul-
taneously negative, there exist two special propagating
branches. The corresponding frequency curves are concave
downward in the vicinity of point � and the photonic effec-
tive mass is considered negative definite.42 This is also a
typical dispersion feature in a negatively refracting
material.43

(b)(a) (c) (d)

FIG. 6. �Color online� Sectional-field profiles which cover two adjacent cylinders for the resonant field patterns: Ez
�0� at �a� a /�

=0.061 and �b� 0.17 for TM polarization and Hz
�0� at �c� a /�=0.108 and �d� 0.115 for TE polarization. The dashed lines indicate the locations

of cylinders.
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The branches lying between the band gaps in Fig. 7�a� are
indeed not very flat bands. The respective fields are not
purely localized within the cylinder either. This is due to the
fact that the tangential electric fields have to be smooth as
well as continuous across the dielectric boundary while the
magnetic fields are required to be continuous only. As a re-
sult, the electric fields are not as localized as the magnetic
fields at the high dielectric region. Nevertheless, near the
resonance the electric fields are still largely confined within
the unit cell, although they may spread out of the cylinder to
a certain degree �cf. Fig. 6�. The branches between the band
gaps, though not very flat, are limited within a small fre-
quency interval ��� /a�0.017�. In this range, �e� and �e� are
simultaneously negative and the region of negative refractive
index is therefore not negligible.

For TE polarization shown in Fig. 7�b�, the magnetic reso-
nance is the leading-order response and the respective pho-
tonic band gap has a much smaller width. Likewise, the gap
region �0.108�a /��0.116� basically coincides with the re-
gion where �e��0 and �e��0 �cf. Fig. 3�b��. The frequency
branch becomes flattened near the lower band edge, where
the resonance frequency is very close to the cutoff frequency
of TM01 mode for circular waveguides �a /��0.108�. As the
region for �e��0 does not exist, there is no corresponding
band gap. Near the electric resonance frequency

�a /��0.172�, the frequency branches become flattened as
well.

D. Effective refractive index and figure of merit

Based on the effective permittivity �e and permeability
�e, the effective refractive index ne can be obtained through
the relation: ne=	�e�e. When �e and �e are treated as com-
plex numbers, ne=ne�+ ine� is usually determined by the prin-
cipal value of square root. Using ne= �ne�ei�, where �ne�
=	�ne��

2+ �ne��
2 is the complex modulus and

�=tan−1�ne� /ne���−������ is the argument of ne, one has

�ne�=	��e���e� and �= 1
2 �tan−1��e� /�e��+tan−1��e� /�e���. The

real and imaginary parts of ne are then determined by ne�
= �ne�cos � and ne�= �ne�sin �.

Near the resonance, the negative ne� may be associated
with a large ne� even in the case of small loss. In order to
characterize the quality of negative refractive index, the fig-
ure of merit �FOM�, defined as −ne� /ne�, has been proposed.44

Using �e and �e for the same structure in Fig. 3, ne and its
FOM are plotted in Fig. 8. It is shown that the region of
positive and nonnegligible FOM basically coincides with the
range where both �e� and �e� are negative �denoted by the
shaded area�. For TM polarization, FOM has its maximum
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FIG. 7. �Color online� Band structures for the photonic crystal of dielectric circular cylinders with r /a=0.25, �1=200+3i, and �1=1
embedded in the background with �=1 and �=1 for �a� TM polarization and �b� TE polarization. The shaded areas correspond to the regions
for �e��0 or �e��0 obtained by the effective-medium model �cf. Fig. 3�.
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FIG. 8. �Color online� Effective refractive index ne=ne�+ ine� and figure of merit −ne� /ne� for the same photonic crystal in Fig. 3. �a� TM
polarization and �b� TE polarization. The shaded area corresponds to the region where �e��0 and �e��0.
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value 8.7 at about the middle point of the double-negative
region �a /��0.1085�, where −ne� is large and ne� is small. At
both edges of the double-negative region, FOM is reduced to
a small value and either −ne� is negligible �the right edge� or
ne� is very large �the left edge�.

Due to the presence of a small loss, the range of negative
ne� is slightly deviated from the double-negative region.
There is a small portion �to the left of this region� where
ne��0 but �e� and �e� are not simultaneously negative; that is,
�e��0 and �e��0 �cf. Figure 3�a��. In this range, ne� is quite
large and its FOM is negligible. A similar feature has also
been observed in the near-infrared negative-index
metamaterials.45 For TE polarization, the corresponding
FOM is either negative or negligible. This feature parallels
with the fact that there is no frequency range where both �e�
and �e� are negative �cf. Fig. 3�b��.

E. Spatial dispersion and uniaxial anisotropic property

The effective parameters are functions of frequency
�a /��, which means that the temporal dispersion �or the non-
instantaneous response� has been considered. A more thor-
ough approach would take into account the spatial dispersion
�or the nonlocal effect�. Basically, the spatial dispersion in-
creases its importance when the wavelength � becomes com-
parable to the characteristic length of the microstructure that
composes the medium �e.g., the lattice period a�. On the
other hand, as the wave number k approaches zero, the spa-
tial dispersion disappears.46 In the present study, the effective
parameters are valid in the quasistatic regime, where a /� is
small �though not negligible�. A general description of spatial
dispersion appears as a term of k2.47,48 This is the case when
the medium has the inversion symmetry �nongyrotropic�.49

When the wavelength is relatively long �in the quasistatic
regime�, the spatial dispersion effect is expected to be small.

In the present problem, the features of effective param-
eters are mainly characterized by the intrinsic resonances as-
sociated with the individual dielectric cylinders �in the form
of waveguide resonances�. Around the resonant frequencies,
the respective fields are localized within the unit cell �for TE
polarization, the fields are even localized within the cylinder
with relatively weak interactions between the neighboring
cells �cf. Fig. 6�. In this situation, the nonlocal effect �influ-
ences from other unit cells� will be not significant. In par-
ticular, the spatial dispersion in periodic structures is attrib-
utable to the Bloch scattering by the lattice and its effect on
the effective parameter can be described by a multiplication
factor: sin� ka

2 � / � ka
2 �.10 At the long wavelength �small ka�, this

factor would approach unity. For a general situation, how-
ever, the effective parameters may depend on the wave num-
ber. This effect could be more significant in TM polarization
as the respective field patterns are not so localized at the

dielectric region as those in TE polarization. In addition,
strong spatial dispersion may arise in conducting wire media
even in the long wavelength. This occurs when the plasma
oscillation is the major resonance mechanism and there is
propagation along the wire axis, where kz is not zero.50 For
nonzero kz, the spatial dispersion may increase its important
to a certain degree. In this situation, decoupled TM and TE
modes are no longer available.51

In another aspect, the components of effective parameters
for TM and TE polarizations indicate a tensor form of the
effective parameters. This is a consequence of the uniaxial
anisotropic configuration of the problem. For TM polariza-
tion, where the electric field is oriented along the cylinder
axis, the effective parameters are described by �xx, �yy, and
�zz. For TE polarization, where the magnetic field is oriented
along the cylinder axis, the effective parameters are de-
scribed by �xx, �yy, and �zz. The two cases are complemen-
tary to each other and combined together to characterize the
overall effective properties of the two-dimensional photonic
structure.

IV. CONCLUDING REMARKS

In conclusion, the effective parameters for photonic crys-
tals with large dielectric contrast have been investigated. The
effective-medium model based on the field averaging over an
equivalent unit cell was used to determine the effective per-
mittivity �e and permeability �e. In the quasistatic regime,
the effective parameters are characterized by the Lorentz-
type anomalous dispersion in terms of two oscillatory func-
tions associated with the circular geometry. The leading and
high-order resonances dominate the basic dispersion charac-
teristics and give rise to the region of negative �e or negative
�e. In particular, there exists a frequency interval where �e
and �e are simultaneously negative for TM polarization. The
mechanisms of anomalous dispersion are illustrated with the
dipole-field patterns at two extreme conditions, where the
effective parameter goes to infinity or becomes zero. These
features parallel with the homogenization description of the
effective parameters in terms of average fields. The effective
parameters also show consistent results with the photonic
band gaps and special propagating branches in the band
structures of the photonic crystal. In the static regime, the
resonance features become insignificant and the effective pa-
rameters are simplified to the Maxwell-Garnett mixing rule.
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